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AbstractNWe  introduce a new problem, context-free Or signature,motif This does not always yield increased
grammars (CFG)-guided pairwise sequence alignment, whose scores. Comet and Henry [10] experimentally showed that
most immediate application is the alignment of RN A sequences the Smith-Waterman [31] local alignment algorithm does not

that share motifs described by context-free grammars. Such | l tif . togeth | dditi bi .
motifs include common RN A secondary (sub)structures (such always align motif-regions together. In addition, bioktgi

as stem-loops) that are recognizable in sequences. The problemwould like to incorporate their knowledge about common
aims to align given sequences by including, from a given set of structures into the alignment process. Forcing the aligrise
weighted motifs, any number of motifs in any common order galign such common motifs together guides the alignment
possible in the sequences aligned to maximize the resulting 5,5cess. A summary of evolution of motif debnitions, andrthe
score. The score is a function of included motifs (there is a . . - T

given score for each motif which is the same for every variation use |_n Sequ_enc_e allgn_ment can t_)e found in [1]. A motif can b?
of the same motif)’ and a set of Ordinary pairwise sequence a St”ng which is requ|red to be included as a Subsequence n
alignments where these motifs are not included (non-motif- an alignment sought exactly [3], [5], [6], [10], [26], [21R8]
matching regions). The main differences of this new problem or within a given tolerance [3]. Motifs can also be patterns
from existing constrained sequence alignment problems are that that are described by regular expressions [10], [1].

the new problem allows using more complex motifs that are In thi thod that ali
described by context free grammars, and considers multiple n this paper, we propose a metho at aligns sequences

such motifs that can be found in given sequences in many guided by a given set of weighted motifs each of which is
different orders from which a score-optimal order is sought. described by aontext free grammafC F'G).

We present a dynamic programming solution for this problem. Let A(u,v) denote the maximum ordinary alignment score
Our dePnitions and results can be generalized to local and/or for stringsu andw that can be computed using the Needleman-
multiple sequence alignment problems guided by context free Wi h algorithm 221, We introd textf
grammars for various scoring schemes. unsch algorithm [22]. We introduceontext-free grammars
(CFG)-guided pairwise sequence alignméotF'G-PS A) as
Keywords: RNA, motif, sequence alignment, constrained se- the following problem: given two sequencés and Sy, and
quence alignment, context free grammar, parsing, dynamic pro- a set of context-free grammats = {G;,...,G; } each of
gramming. which represents a motif whose weight is specibed by a given

function 3, compute
I. INTRODUCTION

K+ |
max  A(zi,wi) + B(G)

i=1 Vi, zi!G, GIC

Given two stringsS;, and S,, the pairwise sequence align-
mentcan be described as a writing scheme such that we use a
two-row-matrix in which the prst row is used for the symbols
of 51, and the second row is used for thoseSf and each  over all possibley, o, ..., yx, 21, 22, ..., 2« wWhereS; =
symbol of one string can be aligned to (i.e. it appears Ny zoys ... Tk Yk Tk+1, So = W121Wa22 . . . Wk 2k Wk+1, €ACH
the same colu[nnN with) a symbol of another string, or thg or w;, 1 < j < k+ 1, can be an empty string, and for all
blank symbol O-O. A matrix obtained this way is called anl < i < k, there exists & < C such thaty; € L(G), and
alignment matrix No column can be entirely composed ot; € L(G), where L(G) is the language generated BYFG
blank symbols. A given function assigns a weight to eagh. We call eachy; in S;, and 2 in S, as motif-matching
column. The score of an alignment is the total score of tisibstring and ay; -z; -pair together as motif-matching region
columns in the corresponding alignment matrix. This precesr simply amotif-match
can be generalized to alignment of multiple sequences. Motivations for this debnition are as follows: Many interes

Ordinarily, in sequence alignment we would like to bnd aimg RN A molecules conserve a secondary structure of base-
alignment with maximum score. Constrained versions of spairing interactions more than they conserve their seqgenc
guence alignment problems have been studied in the literatCommon base-pairing interactions (such as stem-loops in
extensively [3], [5], [6], [10], [26], [27], [28]. The motation RN A secondary structures) identipable #IVA sequences
for these problems has been that biologically meaningfoan be described by context free grammars [13]. We extend the
alignments contain regions that indicate a biological fiomc depPnition of a motif to include such sequence structures. We



note that this dePnition is powerful enough to describeleggu  For this exampleC = {G1,G»2,Gs}. G1 = (V, T, P, Vp) is a
expression motifs, and subsequence motifs (a subsequeacedontext free grammar, wheé = {V;, V1, V5, V5} is the set
special regular expression) because of the hierarchy sefeta of variables, V; is the start variableT = {A,C,G,U}
of formal languages [17]. A motif can have variations (e.dgs the set of terminal symbols, and® includes the
the K — turn motif [19]). However, since the union of two following production rules:V, — CViG | GViC, V; —
CFGOs is L FG [17], all these variations can be described:V>C, Vo, — GAA. Go, and Gs are the following context
by a singleCFG. We assume that we are given a set dfee grammars:G, = {{Vo,V1,Vo},{A,C,G,U}{Vy, —
weighted CFGOs each of which represents a motif with alV,U | UV A, Vi — CWLG, Vo, — CC | GCG},Vy b,
its possible variations. A pair of substrings that are gateet and G; = {{Vo,V1,V2, 3} ,{4,C,G,U}{V, —
by the sameC' FG (a motif-match) yields a score that is theAViU | GViC | CWViG, Vv — AWU, Vo —
assigned weight to thaf’F'G. RN A sequences may containAVsU | UVzA, V3 — AAC | AA}LV, |
varying number of such motifs in different orders (e.g. the We present a dynamic programming algorithm for the
K — turn motif [19]). In our dePnition, the purpose of theCFG-PSA problem by modifying the classical dynamic
alignment process is to align sequences in a way to inclugeogramming solution for the global sequence alignmeripro
all or some of the motif-matches in an order to optimize them [31]. Our solution requires a solution for the following
resulting score. problem: given a strings of lengthn, and aCFG G', bnd

In  Figure 1, for illustrative purposes  weall substrings ofS generated by whereG" is in Chomsky
imagine two  short syntectic RNA  sequences Normal Form. We modify the well-knowd@Y K parsing al-
Sy = AACGGAACGGCAAAAAACUUUUAUA gorithm [9], [18], [32] to solve this problem. This takégn?)
CCCGUGC, and Sy = AAGGGAACCGACAUAA time. Our dynamic programming solution uses this algorithm
AUGUAUCGCGGACGC. In the alignment in Par{c), and collects all motif-matching substrings in each seqeenc
we distinguish the motif-matching regions by enclosinin sets, and manipulates these sets in dynamic programming
them by rectangles in dashed lines. Each of these regi@mmputations for solving th€'FG-P.S A problem. We assume
has a score determined by a given functigh which that the context free grammars given in edre in Chomsky
assigns a score for each motif. The remaining regioMormal Form. Our algorithm take®(|C|n® + K1 K) time,
in each sequence are aligned pairwise using ordinampere|C| is the number of grammars in s€t O(n) is the
sequence alignment. The score of the alignment shown dammon length of the sequences aligned, &hdand K, are
Part (c) is A(AA, AA) + A(GCA,GA) + A(UAU,UA) + the number of motif-matching substrings in the two sequence
A(GC,CGC)+B(G1)+ B(G3) + B(G2). Each motif-matching aligned respectively. The space requirement of our algorit
region involves substrings that are in the language destribs O(n? + K1 K>).
by a context-free grammar in a given gktin this example,  We organize this paper as follows: in Section Il, we sum-
each grammar describes a stem-loop in the seconBafyl marize previous related work, and outline the motivation fo
structure. In part§a) and (b) we show parts of theRNA the debnition of theC' FG-PSA problem. In Section IlI, we

secondary structures implied by the alignment in Part present an algorithm to parse all substrings of a givengstrin
In Section IV, we present an algorithm for thieF’'G-PS A
P problem. We include pointers for possible extensions, amrd o
G A A-U cc remarks in Section V. We summarize our results in Section
@ G-C A-U c-6 VL.
59 C-G A-U A-U 35

Il. PREVIOUS RELATED WORK
c There are many proposed models N A sequence, and

A AA
(b) GG_CA 2l GC>GG structure comparisons: we can use extended edit operations
56 G-C  C-G U-A g (e.g. base-pair bond breaking), or represBiN A secondary
AA GA UA CGC .
structures by trees, and then compute tree-alignment. A com
prehensive coverage of these techniques is given by Wang
L(S,) L(G;) LG, ) (Chap. 4 in [30]). Since base-pairing interactions can be
P 3 described by context free grammars, there have been sfadies
AACGGAAC GigchLAmJUUAuﬁA‘CTGL_ se the literature that involv€’ FG's in RN A sequence alignment
© [ lcconncel. Acauan aucbd. ucecooncr (123], [8], [12]). Stochastic context free grammars(FG)s
L = e have been used in the description BV A secondary struc-
tures [13]. AnNSCFG is aC F G where productions have prob-
Fig. 1.  Syntectic RNA sequencesS; = AACGGAACGGCA abilities. An SCFG-based method for sequence alignment
AAAAACUUUUAUACCCGUGC and S2 = AAGGGAA  was introduced by Eddy and Durbin [15], and by Sakakibara

CCGACAUAAAUGUAUCGCGGACGC . 5 and 3 indicate the . .
start and end of the sequences, respectively. Rajtsaand (b) respectively et al. [24]‘ Similar algorlthms were developed by Lefebvre

for S; andS;, are parts of the secondary structures implied by the alighmel20], [21]. Corpet and Michot [8] proposed an algorithm that
in Part(c). aligns a given sequence of lengtho a group of homologous



sequences of lengthu (i.e. m is length of the proble of these
sequences) that have a common secondary structure, which is
simply the set of paired positions. This algorithm computes
an optimal score which is derived from both sequence, and
structure similarities. It runs i®(m?2n3) time, andO(m?n?)
space. Corpet and Michot [8] also described a heuristic ogeth ¥
for the problem. Notredame et al. [23] used the similarity
debnition used by Corpet and Michot [8], and proposed a
genetic algorithm to align tw®N A sequences when the sec-
ondary structure of on®&N A is known. The main difference
between these approaches and our approach with the dePnitio
of CFG-PSA problem is that in these approaches, a given
sequence is aligned to another sequence (or a sequence)probl
whose base-pairing positions are known and bxed. FG-

PS A problem based-pairing positions are not bxed in any of

stored as regular expressions. It is essential to compile
a comprehensive library of structural motifs identipable
in sequences. A large number BV A motifs that bind
proteins are already known [4]. New motifs continue to
be discovered [19].

Sequences aligned may have many motifs in common.
Comet and Henry [10], and Arslan [2] considered align-
ments that contain multiple PROSITE patterns. Align-
ments may contain varying number of motifs in different
orders. Some motifs may occur in dAN A sequence
multiple times. For example, thE — turn motif occurs

six times in H.marismortui 23S RN A, and twice in
T.thermophilus16S RN A. This motif can appear in
variations each of which can be described by'&G.
Since the class of context free grammars is closed under

the sequences; there may be many candidate pairwise matchesthe union operation ([17]), this motif can be described

for common (sub)structures (determined by the given set of
motifs) in both sequences; one that yields the optimum score
is chosen. In short, in our approach the alignment process
has complete freedom on both sequences, while in these
approaches the freedom is limited to one sequence only.

Dowell and Eddy [12] usepair stochastic context-free
grammars pairSCF'Gs, for pairwise structural alignment of
RN A sequences with the constraint that the structures arex
conbdently aligned at positions (pins) which are known a
priori. The main difference from our work here is that Dowell
and Eddy [12] assume a genet®d’ F'G that works well for
all RN A sequences, whereas we use the knowledge of known
set of (weighted) motifs to guide the alignment process.

The regular-expression constrained sequence alignment
problem debned by Arslan [1], and the work of Comet and
Henry [10] have some similarities with our work in this paper «
However, in this paper our debnition of a motif is more gen-
eral, and this gives rise to a new constraint sequence aéighm
problem whose solution involves using additional techagju
Constraining alignments to contain common motifs [1], or
rewarding inclusion of common motifs in alignments [10] bav
been proven to yield biologically more relevant alignments

HomologousRk N As tend to conserve a common base-paired
secondary structure motifs that can be expressed by a ¢ontex
free grammar. In our dePnition of thé FG-PSA problem,
we useC' F'Gs to describe motifs. An input to the problem is
a set of suchCFGs, and we use the classical Needleman-
Wunsch global alignment algorithm [22], and reward each
motif-matching region by a score assigned to each motif by a
given function. We explain the motivation for these as folo

¥ Context free grammars can be used for sequence motifs

that are strings, or regular expressions (e.g. PROSITE pat-
terns). They can also describe more complex motifs. For

example, base-pairings in stem-loopsitv A secondary ¥
structure can be described by a context free grammar.

¥ Motifs that are used in guiding an alignment sought may

come from a database. Therefore, in our formulation we
take a se€ of motifs as input. For regular-expression mo-

by a CFG that captures all these variations. Discovery
of any sequence described by thi&'G in an RN A
sequence should be predictive of an occurrence Af-a
turn motif. The purpose of the alignment process is not
only to Pnd an alignment that includes motif-matches,
but also to include all or some of them in an order to
optimize the resulting score.

Constrained sequence alignment problems [1], [3], [26],
[27] require that alignments sought are required to contain
a given motif. Comet and Henry [10] rewards align-
ments that contain common motifs. We follow this latter
approach in this case because if rewarding mechanism
is properly set, it constrains the alignments to contain
common motifs, and it makes the problem easier when
there are multiple common motifs.

We assume that a given function assigns for each motif-
match a score bxed for the motif involved. The method
of Comet and Henry [10] aligns each motif-matching
region, and adds to its score additional score that

is the product ofr and a given reward-coefpcient for
the motif involved. The debnition given for regular-
expression constrained sequence alignment by Arslan [1]
requires that the alignment scores are computed for motif-
matching regions, and used in computing the total align-
ment score. We believe that alignment of these regions
unnecessarily complicate the problem when we align
RN A sequences since these regions are not necessarily
conserved. We can set a bxed score for all motif-matches
that involve variations of a given motif. This yields an
efbcient dynamic programming solution that we present
in Section IV. Such an efpbcient solution is unlikely to be
found if we follow the rewarding approach in [10] when
there are multiple common motifs.

For the alignment of non-motif regions we propose using
the Needleman-Wunsch algorithm [22] for simplicity.
Other more advanced algorithms [13] can also be used.

1. ALL SUBSTRING PARSING

tifs PROSITE (http://www.expasy.org/prosite) has been aA context-free grammais a quadruplez = (V, T, P, V;),
database of sequence motifs, which were represented aritere V' is the set of variables7" is the set of terminal



symbols, P is the set of production rules, aridy € V is
the start variable. A production is of the for® — «, where
X eV,anda e (VUT)*. We useX — ay | ... | oy tO
denote the production¥’ — «y,..., X — ar.

We use uppercase letters to denote variables, and lower @

letters to denote terminal symbols. Greek lower case tette

denote sentential forms, i.e. strings (W U T)%.

Let L(G) be the set of strings that are generatedjlysing
the productions inP starting with the start variablg&j.

A context-free grammar is in Chomsky Normal Form i
every rule is of the formX — Y Z, andX — a wherea is any
terminal andX, Y, andZ are any variables except that neithe
Y nor Z is the start variablel; — ¢ can be a production,
where 1} is the start variable, and is the null-string. Any
given CFG G can be converted to an equivalefif’G' G in
Chomsky Normal Form, i.eL(G") = L(G). The proof of this
theorem, and many properties of context free languages
be found in [17], [25]. For th&® FG G, that we use in Figure
1, an equivalentC FG in Chomsky Normal Form igj;, =
({VE), Vi, Vo, V3, Vy, Vi, Vs, VE)}, {A, C,G, U}7 P", VE)), where
P" includes the following production rule¥}, — CVz | GV4,
i — GVs, Vo — GV, Vi3 — ViVg, Vi — ViV,
Vs — ValVs, Vo — AVy, Vi —C, V3 = C, Vo — A

Parsing is the problem of bPnding a sequence of productiq
in P that derives a given string from the start variabfg

Algorithm ParseAll
input string S, length n, CFG G

Step 1. Find the substrings derived by the
rules of the form X!
asefor i=1 to n do
set T[i, 7] =
for each variable X
if X! S[i] is a rule then
add X to TIi,1]
fStep 2. Find the substrings derived by the
rules of the form X! YZ:
for =2 to n do
for ¢=1 to n#l+1 do
set j=¢+ [# 1
for k=14 to j# 1 do
for each rule X! YZ
if Y$ T[i,k] and Z$ T[k+1,5] then
add X to TTi,j]
Step 3. Return the set of all substrings
generated by G:
p=r
for i=1 to n do

as

=

I

can

for j=17¢ to n do
if the start variable Vp $ T7:,j] then
add (i,j) to P
return P

ns

Xt-

There are numerous parsing algorithms. On general conte
free grammars, all practical parsing algorithms rurCitn?)

Fig. 2. AlgorithmP arseAll .

time [14], [9], [18], [32]. There is a complicated algorithm

by Valiant [29] which runs inO(n?8). There are faster

algorithms for subclasses (such as unambiguous grammars)

of context-free grammars [14].

IV. CFG-PSA ALGORITHM

Lemma 1:Given a stringS, and aCFG G in Chomsky ivilgjh?tsn b?lfsl[gji ttrrl“eansgﬁﬁtjr]lr}gstﬁ:rl]u".;rir(]);.strmg
Normal Form, we can bnd all substrings 6f that are The objective of sequence alignment is to quantify the
generated by in O(n’) time, wheren is the length ofS. similarity between two given stringS;[1..n;] and Sa[1..ns]
Proof: We prove this lemma by presenting an a'QOFIIhrﬁnder a giverscoring schemeThe following is the classical

that Pnds all substrings & that are generated iy in O(n°)  dynamic programming formulation [31] that computes the
time. maximum global alignment score faf; and Sy under the

There is a parsing algorithm known as the Cocke-Youngesimple similarity schemahere a given functiony assigns a
Kasami (CYK) algorithm [9], [18], [32]. It is a dynamic score for each alignment column:

programming algorithm that runs on ady/'G. We modify

this algorithm to bnd for any given strin§ all substrings that Hij =max{ His1j + V(Sly S)
are in L(G) for a given CFG G, whereG is in Chomsky His1js 1+ (5[l S2lj), @
Hijs1+(=", S[]) }

Normal Form. We present this algorithm in Figure 2.

The algorithm uses dynamic programming to Pnd substrinfgg all 7,7, 1 < ¢ < ny, 1 < j < ng, with the boundary

derived from variables. The lengths of these substrings/groalues Hoo = 0, His1 = Hg1j = —oo. Then Hn, n,
iteratively. In Stepl, each position in S is examined to see is the maximum global alignment score betwegn and
if there is a variableX that producesS|i]. All such variables S>. The maximum global alignment score can be computed
are added tdl'[i,i]. Then iteratively substrings of lengthsin time O(niny) using O(min{n;,n,}) space because only
2,3,...,n are considered in increasing length in StegFor O(min{n,,n2}) entries of the dynamic programming matrix
each length, substringS[i..j] of this length are considered.need to be stored at any given time [31].
Every rule of the formX — Y Z is added tdT'[i, j] if there ~ Let Xy be the set of al(i', ) such thatS; [i"..i] is generated
existsk such thaty € T[i,k] and Z € T[k + 1,j]. Step3 by Gi. Similarly, let Y be the set of all(j",5) such that
collects all substring start-end positiofis;j) in P where the Ss[j"..j] is generated byGx. The following is a dynamic
start variablely derivesS[i..j], i.e. S[é..j] is in L(G). B programming solution for th€ FG-PSA problem:



Hij = time spent on computing the additional max-terms (the last
term in Equation (2) ) for the entire dynamic programming

max{ Hisyj +7(S1ld, —), computations i9)(K K5). Putting all together, the modibed

His1js1+7(5 [i},ﬁz[jh (2) dynamic programming take3(|C|n? +|Cn3+nins+ K1 K»)
Hijs1+7(—, 5[], time.
XG0T YeaGac {Hirjr +0(G)} } If we want to bnd an optimal alignment, we can run

this algorithm to bnd motif-matching positions ify, and

with the same boundary conditions: for alj, 1 <i<n1, 5 g, Then we can use HirschbergOs algorithm [16] to

1 < j < no, with the boundary valuestoo = 0, His1 = align the remaining segment-pairs i and S,. The to-
Hg1j = —o0. - tal space requirement for ordinary sequence alignments is
For the additional max-term(i! DX G Yk{HiHJ! T O(min{ny,nz}). But, ParsAll requiresO(n? + n2) space.

B(Gk)} } at(i,j) we consider alli’, i) in Xy and(j",j)in Y, We al_so needO(K; K,) space to compute and store t_he
if both X, andYi are not empty. We note that each sy¢hi)- cartesian produck x Y. Therefore, the total space complexity
(j",4)-pair implies that there exists a motif-match of the motils O(n} +nj + K1K»).

described by the® FG Gi. That is, Si[i ..i] € L(Gk), and V. POSSIBLEEXTENSIONS& REMARKS

Sa[j"..7] € L(Gk). Including this motif-match in an alignment _ _

yields an additional scoré; j: + 3(Gx). We consider all OurCF(_?-PSA algorithm can be mo_dnaed to run faﬂon_e

possible motif-matches 4, j), and compute the maximum 92P penalties, and also for local alignment computations.

score s These cases have dynamic programming formulations similar
We claim that;, computed this way is the optimumto (1).. They can be used in the alignment of non-motif-

CFG-PSA score ofis*l[l..i] andSs[1..5]. For the correctness matchlng regions. Thf.’se replacements do not change the

proof we can use induction. The induction is on the indicecsOmplexlty of our algorithm. .

i,j such that whert;; is computedH,; s 1, His1,s1, and We can also use other more advanced algorithms [13], [12],

His 1; have all been computed. Base cases are correct duéstlgiln these parts.

o e can verify that our debnition, and algorithm 10F' G-
the boundary values. Two nested loops generatifige outer . . -
. : . PS A can be generalized to the problem of optimally aligning
loop), andj (the inner loop) can guarantee a correct orderi

. : . ; nr%ultiple sequences guided by a given set of motifs described

Iﬁirsﬂ\:\?aygt(r:t:2(rjl.ucl:tti|§neﬁ;s/z(;[?h:§$s t\?\/ﬁf \t/)vehhil:}grr;scgomputed by CFGs. Also, theprogress_ive sequence alig_nment technique

We examine all motif-matches iy, andYy. We compute [13] used for other constra_lned sequence all_gnmgnt probl(_em
Xy, andYy for all G € C as follows: fé)r allGy .we setX; — [26],.[7_] can be used for this case. Progresswe_allgnrr_\eat is
Pa;"seAll(S n1, Ge), andYi — ParlseAll(SQ 'n2 Ge). Then heunstlc_that does_not always guarantee an optimal alighme
we collect alllkayinto,X andYy into Y, and sjortjand.processlt .brst picks a pair of sequences, and aligns them. .Then, a
them in ascendin ord,er of their enoi- oints. We move ev thlrd sequence |s_chosen gnd aligned to the br_st alignment.

O, g ord o P ) Ve SVehhis process continues until all sequences are aligned.
(i,1)in Xy to X as(i, i, k). Similarly, we move everyj , j)

inYxtoY as(j', j, k). We sort each lisk, andY in ascending VI. CONCLUSION

order of the end-points, j. We compute};; in the order  we introduce the context-free grammars guided pairwise
described in our induction. In computirig;; , we collect all sequence alignment problem. Our algorithm Pnds in each
(i,i,k) into X; if such (i, i, k)Os exist (sincg is sorted, sequence all substrings that are generated by a given set
if they exist, the current list pointer points to the Prstoneyf context free grammars. Each of these grammars describe
and advance the pointer to the next end-point. Similarly, we motif. A given function assigns a score for each motif-
copy all (5, j, k) into Y] if such (5, j, k)Os exist (if they exist matching region in an alignment. The total score of an align-
the current list pointer points to the Prst one) and advanggent is the total score of motif-matching regions, and tial to
the pointer cyclically to the next end-point (the pointer igcore of the ordinary pairwise alignments of regions oetsid
advanced to the beginning of the Iistafter the entire list” and in between these motif-matching regions. We present a
is processed). Next, we compute the cartesian pradiuetyj. dynamic programming algorithm that bnds an optimal align-
Then the additional max-term can be computed as fO”OWS:ment for this prob|em_ Our a|gorithm can be adapted for

(Mo + B(Ge)} afbne gap penalties, and glso for computing local alignment
ko LY i Our debnition, and algorithm can also be generalized for
the alignment of multiple sequences guided by context free
grammar-described-motifs.

max
(itik 1.tk 2)! Xi%Yj ky=

Computing eachXy takesO(n3) time, and eachyy takes
O(n3) time. Computing allXy, and all Y, and collecting
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